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Adiabatic Laminar Boundary-Layer/Shock-Wave Interactions
on Flared Axisymmetric Bodies

HARRY P. HORTON*
von Kdrmdn Institute for Fluid Dynamics, Rhode-Saint-Genese, Belgium

A method is described for calculating the over-all properties of flare-induced laminar
boundary-layer/shock-wave interactions on axisymmetric bodies at zero incidence in super-
sonic flow, under adiabatic conditions. The method consists of an extension to axisymmetric
flow of the two-dimensional integral method of Lees and Reeves, as recently improved by
Klineberg. The relationship between the local slope and Mach number of the external invis-
cid stream is calculated by a suitable inversion of the second-order shock-expansion method of
Syvertson and Dennis. Satisfactory agreement is demonstrated between the theory and mea-
surements on hollow cylinder-flare models at Mach numbers of 2.2 and 4.0.
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= velocity profile parameter, Eq. (10); also speed of
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Rrc

EL
Rx
s
T
u,v

= (ju/jU00)/(77/77
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integer; 0 for displacement surface coupling, 1 for
Crocco-Lees coupling

(0C/R8i*}(MJMe)
functions defined in Eqs. (19)
length of hollow cylindrical portion of body
(7 - 1)MV2
u/a, Mach number
functions defined in Eqs. (19)
static pressure
[dd7/t/,)/d(F/5t*)]w> skin friction parameter
8i*d(lnrw)/ds, divergence parameter
radial distance from body axis
radius of cylindrical portion of body
local radius of body
local radius of displacement surface
(28,-*/C7«2) f 8 * (dt//dY)W, dissipation parameter;j o

also gas constant in Eq. (4)
Poo^oo/Moo, unit Reynolds number
8i*-Ru, Reynolds number
rc-Ru, Reynolds number
L • Ru, Reynolds number
x-Ru, Reynolds number
ordinate along body surface
static temperature
velocity components in (s,y) directions
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U = transformed u component of velocity, Eq. (6)
x = ordinate along body axis
y = ordinate normal to body surface
Y = transformed ordinate normal to surface, Eq. (6)

a. = sin~l(drw/ds), inclination of body surface to axis

7 = ratio of specific heats of gas
6 == flare or ramp angle; also boundary-layer thickness
5* = displacement thickness, Eq. (12)
5;* = transformed displacement thickness, Eq. (9)
As = integration step length
e = perturbation parameter
^ = exponent, Eq. (24)
di = C8i (U/Ue)[l - (U/Ue)]dY, tranformed momen-Jo

turn thickness
(U/Ue)[l - (U*/UJ)]dY, transformed me-

chanical energy thickness
0 = inclination of displacement surface to body surface
/z = viscosity coefficient
V ( M ) = Prandtl-Meyer angle
P = gas density
</> == inclination of displacement surface to body axis
O = function of Mach number, Eq. (22)

Subscripts
a,b,c,d = successive points in numerical integration
e = local conditions in external stream
i = transformed quantity in Stewartson plane
TC = on tangential cone-frustum
w = at body surface
0 = beginning of interaction
oo = undisturbed freestream conditions

I. Introduction

THE interaction between a two-dimensional laminar
boundary layer and a shock wave, either incident upon

the surface or generated by a rapid change of surface slope,
has been the subject of a large number of investigations, both
experimental1"4 and analytical.5"9

Similar interactions may occur on axisymmetric bodies in
situations of practical importance, for example on missiles
and space vehicles with flared bases, and a number of experi-
mental studies have been made.10"13 In experimental work,
axisymmetric models have the advantage, as compared with
planar models, that they do not suffer from finite-aspect-ratio
effects. Such models, spun rapidly about their axes, have
been used by Leblanc and Ginoux14 in the current von Kar-
man Institute (VKI) research on the effect of small cross
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Fig. 1 Hollow cylinder-flare configuration, with planar
counterpart.

flow upon shock-induced laminar separation. Accurate
pressure measurements have also been made on these models
with negligibly small rates of spin.

In the absence of adequate existing theories, the method
described herein was developed to predict the over-all flow
properties, such as the pressure and boundary-layer thickness
distributions, of interactions on flared axisymmetric bodies at
zero incidence, without spin, for comparison with the VKI
measurements. The method is, however, of more general
interest. A later paper will deal with the case of spinning
bodies.

The two-dimensional integral method of Lees and Reeves,6
in the improved form of Klineberg,15-9 was chosen as the basis
of the present method, because this approach is of greater
simplicity than, but of comparable accuracy with, alternative
procedures such as those of Refs. 7 and 8.

In its present form, the method is applicable to the adia-
batic wall case only, but the extension to nonadiabatic condi-
tions would be straightforward, the two-dimensional theory of
Klineberg again providing a suitable basis. Furthermore, we
consider only the hollow cylinder-flare configuration, shown in
Fig. 1, this being the axisymmetric equivalent of the widely
studied planar ramped flat plate. However, closed-nose
bodies could also be treated, either by using conventional
boundary-layer methods upstream of the start of the flare-
induced interaction or, more accurately, by using the equa-
tions derived herein to calculate the self-induced interaction
in the upstream region.

The differences in the pressure distributions between flows
over a planar ramp and an axisymmetric flare at Mm = 2.2, in
both the inviscid (theoretical) and viscous (measured) cases,
are shown in Fig. 2. In inviscid flow, there is a marked over-
compression on the flare, as opposed to the constant pressure
on the ramp, whereas in the viscous case the upstream in-
fluence is appreciably less in the axisymmetric case than in
the planar, and the over-all pressures are generally reduced.

Supersonic interactive calculations require the solution of
both the boundary layer and the inviscid outer stream. In
axisymmetric flow, the effects of streamline convergence upon
both of these flow components must be considered. For
example, the drop in pressure along the flare in inviscid flow,
shown in Fig. 2, is due to external streamline convergence, and
a comparable drop occurs in the viscous case. It will be
shown in Sec. II.E that external stream convergence has a
more important effect upon flare-induced interactions than
does the boundary-layer convergence. Hence the only pre-
vious analyses of axisymmetric laminar interactions known
to the author, those of Nielsen et al.,16'26'27 are inadequate
insofar as a two-dimensional external flow relation was used.

The present method, in addition to including boundary-
layer convergence effects, takes external flow convergence
into account by using a suitably inverted form of the second-
order shock-expansion method of Syvertson and Dennis.17

This method, which is simple yet accurate, could also be used
in conjunction with alternative procedures for calculating the

boundary-layer development, such as the finite-difference
method of Reyhner and Fliigge-Lotz.8 The use of the axi-
symmetric method of characteristics was not considered to be
practicable, because of the large computing time required.

The system of equations to be solved is developed in Sec.
II, and the method of solution, together with the appropriate
boundary conditions, is discussed in Sec. III. Comparisons
between predictions of the theory and measurements are given
in Sec. IV, and a discussion of the range of application of the
theory is given in Sec. V.

II. Analysis

A. Basic Viscous Flow Equations

We assume, as is usual in the two-dimensional case, that the
boundary-layer approximation provides an adequate descrip-
tion of both the attached and separated viscous flow regions.
We further assume a perfect gas with constant ratio of specific
heats, that there is zero heat transfer at the surface, that the
Prandtl number is equal to unity, and that the boundary-
layer thickness 6 is small compared to the local body radius
rw. The latter assumption, which neglects transverse curva-
ture effects, is examined in Ref. 18, where it is shown that the
resulting errors are negligible when the maximum value of
d/rw is at least 8%. This condition is satisfied in the experi-
ments considered here.

Then, in orthogonal coordinates (s,y) measured along and
normal to the body surface, the equations of longitudinal and
normal momentum, continuity and state, for flow in the lam-
inar boundary over an axisymmetric body at zero incidence
and without rotation, are

du dw \
U ^ + V * y ) = - ^ h* ̂ - d)

0 =

p = pRT
= 0

(2)

(3)

(4)

The Busemann integral of the energy equation is used to
relate temperature and velocity within the boundary layer,
so that

T/T. = 1 + m.(l - (5)

B. Integral Equations

Following a similar procedure to that used in the two-di-
mensional case,6-9 the partial differential boundary-layer
equations may be integrated with respect to y to obtain the
momentum integral and first moment of momentum equa-
tions. After the application of a slightly modified Stewart-
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son19 scaling

= ̂  Cv±a» Jo p,, a, (6)

we obtain the following pair of equations in transformed
variables:

.
ds ds ^ ' M. ds

PC M SS drw

~~ ^

If. rw ds (8)

where 8<* is the transformed displacement thickness given by

8,-* = fQ
5' [1 - (U/U.)]dY (9)

and the other variables are defined in the Nomenclature.
Equations (7) and (8) may be used to obtain an approxi-

mate solution of the boundary layer by assuming a suitable
profile family. Now these equations may be reduced to two-
dimensional form by means of the Mangier20 transformation,
under which the streamwise velocity is invariant and the y
ordinate linearly scaled. Thus, although it is convenient to
retain the equations in axisymmetric form, the profile family
used in two-dimensional calculations9 may be used. We
therefore adopt the Lees-Reeves6 profile parameter a, defined
as

a= [(>([//[/«)/d(Y/5t-)]r=o for attached flow (lOa)

a = (Y/5i)uiue=Q for separated flow (lOb)

The quantities 3C, /, P, and R are assumed to be functions
of a only, and polynomial representations of these quantities,
as well as of d3£/da and dJ/d3£, have been computed by
Klineberg9 from attached and reversed flow similar solutions
of the boundary-layer equations.

C. Coupling of the Viscous and Inviscid Flows

Interactive calculations are carried out by integrating the
boundary-layer integral equations simultaneously with a
coupling equation, relating the slope of the inviscid stream
induced by the growth of the boundary layer to that dic-
tated by the outer inviscid flow relations.

From the definition of displacement thickness, the effective
radius n* of the body of revolution which would have the
same pressure distribution in inviscid flow as the real body in
viscous flow is

n* — rw + 6* cosa

where 6* is the displacement thickness defined by

o
and

a = 8m-l(drw/ds)

= fo [1 ~

(11)

(12)

(13)

Differentiation of Eq. (11) with respect to s leads to the
coupling equation

dd*/ds = tan(0 — a) == tan6 (14)

The inclination 0 of the equivalent inviscid stream to the
surface is a function of the upstream geometry of the effective

surface, as well as the local Mach number, as will be discussed
in Sec. II.E.

This coupling equation differs somewhat from that used by
Lees and Reeves,6 who, following Crocco and Lees,5 evaluate
the slope of the inviscid flow by equating it to the slope of the
streamline at the outer boundary-layer edge. This leads, in
the axisymmetric case, to a coupling equation of the form

(dd*/ds) - (6 - d*)(d/ds) = tanG (15)
The additional term is of arbitrary magnitude because the
boundary-layer thickness 6 is not a well-defined quantity,
and we therefore prefer the displacement surface coupling,
which has been used by other previous authors, for example,
in Refs. 7 and 8, and which does not involve this arbitrariness.
A comparison in Sec. IV.B between calculations made using
the alternative methods of coupling shows the difference to be
small in any case.

Application of the Stewartson scalings to Eqs. (14) or (15)
results in

ds ds
.

M. ds
PC Z Sf*drw

where j is an integer having the value 0 or 1, depending on
whether displacement surface [Eq. (14) ] or Crocco-Lees [Eq.
(15)] coupling is used, and other variables are defined in the
Nomenclature. The profile parameter Z is given as a poly-
nomial in a by Klineberg.9

D. Working Form of the Differential Equations

The two transformed ordinary differential equations for the
boundary layer, Eqs. (7) and (8), together with the trans-
formed coupling equation, Eq. (16), may be rearranged in
the following form convenient for numerical integration:

6;*d(lnMe)/ds = (KNi + QLi)/D (17a)
ddi*/ds = (KNz + QL2)/D (17b)
d^da/ds = (KN* + QL*)/D (17 c)

where

K = Q = ds (18)

and
D = A, + A
Ni = A, + Az - A,F

#8 = ——

Li = A,(F + jZ/m.)

_ A,(F + jZ/m.)
Lz = —

(19)

The coefficients An are functions of the profile parameter a
only and in terms of the integral quantities are

(20)

A2 = (PJ -
A4 = (PdJ/dK - R)
A6 = J(l - 3C)
A8 = (23C + V)dJ/dW - 3J

A5 = 3J
A7 = (23C + l)R - 3PJ
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- Two-dimensional theory9

- Calculation using two-
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boundary layer equations °//
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Fig. 3 Comparison between axisymmetric measurements
and two-dimensional theory of Klineberg, without and

with modification for boundary-layer convergence.

E. Calculation of the Inviscid Flow Inclination

In order to integrate Eqs. (17), it is necessary to compute 0
at each step by solving the inviscid outer flow. In two-di-
mensional flow, the Prandtl-Meyer relation is usually used at
moderate supersonic speeds, but in axisymmetric flow there is
no such simple relationship between slope and Mach number.
As remarked in Sec. I, Nielsen et al.16-26.27 use the Prandtl-
Meyer relation for axisymmetric calculations with reason-
able success at high Mach numbers, but this approximation
can lead to very large errors at lower Mach numbers when
used in conjunction with the present boundary-layer method,
as Fig. 3 shows. This figure shows pressure measurements on
an axisymmetric hollow cylinder-flare model, compared
with two calculations based on the Klineberg9 method, both
using the Prandtl-Meyer external flow relations, but respec-
tively with and without the inclusion of the boundary-layer
convergence terms [QLi,QL2,QL3 in Eqs. (17)]. It is evident
that the correct qualitative behavior can be predicted only by
also including convergence effects in the external flow, and it
is reasonable to suppose that this conclusion is not dependent
upon the particular method of boundary-layer calculation
used.

The second-order shock-expansion method of Syvertson
and Dennis17 for calculating the pressure on a body of revolu-
tion takes account of such effects and may be easily inverted
to calculate, for the present problem, the displacement sur-
face slope in terms of the local Mach number Mf and the up-
stream displacement surface geometry. The accuracy of the
method for Mach numbers between 3 and 6 was demonstrated
by the original authors, and in Ref. 18 it is shown that the
accuracy is maintained at very low supersonic Mach numbers.
A particular advantage of this method is that it yields, by its
formulation, the correct cone pressure far downstream.

The present application of the method is as follows. Refer-
ring to Fig. 4, at each integration step of elemental length As,
the displacement surface is approximated by a cone-frustum
element of semiangle $. At the slope discontinuity between
each adjacent pair of elements, there is a Mach number dis-
continuity, as in the two-dimensional case, whereas along the
length of an element the Mach number changes due to con-
vergence effects. Each small discontinuity is considered
isentropic and is furthermore locally two-dimensional, and so
the Prandtl-Meyer relation is used at the discontinuities.
The pressure variation along an element is calculated from an
exponential curve fitted to the pressure gradient immediately
behind the discontinuity and to the pressure that would exist
on a cone of the same semiangle as the local cone-frustum.

t In this subsection, the suffix e is dropped, for brevity, since
only the external flow is considered.

Referring again to Fig. 4, suppose that it is required to find
the slope <t>c of the displacement surface at point c. The
Mach numbers M o2 and M6l before and after the disconti-
nuity at the preceding point b are known, and the Mach num-
ber after the discontinuity at point c is calculated, for Eulerian
integration, from

Mcl = Mbl + ks(dM/ds)b

where (dM/ds) 6 is determined from the boundary-layer calcu-
lation. (For Runge-Kutta integration, each substep is
treated as a step.) The corresponding pressures follow from
isentropic flow relations. The pressure gradient behind the
discontinuity at point b is given in Ref. 17 to be

Bbl
T—r§6*

Bbl fl02 / bp \
(21)

where

B = 2(M* - 1)

1(7-
(22)

M\_ i(7 + D J

The pressure variation along the element be is then given by17

p = pTcb — (pTcb — Pbi) exp( —17) (23)
where

(24)

and PTC is the pressure at Mm on a cone of semiangle <£&. In
the present calculations, PTC was evaluated using the second-
order explicit formula of Van Dyke.21

The pressure pb2 just ahead of point c is obtained by putting
s = sc in Eqs. (23) and (24), and the corresponding Mach
number M&2 is calculated from the ientropic flow relations.
Finally, </>c is calculated by using the Prandtl-Meyer relation

Fig. 4 Application of the Syvertson-Dennis inviscid flow
method to the step-by-step calculation of axisymmetric

interactive flows.



NOVEMBER 1971 LAMINAR BOUNDARY-LAYER/SHOCK-WAVE INTERACTIONS 2145

at the discontinuity, so that
(25)

Region: 1 2 3

and 9c follows from 9C = <j)c — ac.
The value of (dp/ds)^ is required for the next step and is

(dp/ds)b2 =

III. Solution Procedure

(26) £

A. Nature of Solutions

Klineberg15 has shown that self-induced viscous flow along
a planar ramped flat plate is always subcritical in adiabatic
flow, that is, upstream propagation of a disturbance occurs,
and the governing equations are unstable. Now the axi-
symmetric hollow cylinder-flare configuration considered
here is a direct analog of this planar case, and, since the ex-
pression for the determinant Z), Eq. (19), whose vanishing
marks the transition from a subcritical to a supercritical state,
is identical for planar and axisymmetric flows, it follows that
the axisymmetric flow is also subcritical.

B. Initial Conditions for the Numerical Integration

In the planar case, Klineberg15 determines the initial values
of Me, 5;*, and a for the calculation of ramp-induced interac-
tions from analytic expressions for self-induced flat-plate
flow. Comparable analytic expressions cannot be obtained
for the self-induced interaction on hollow axisymmetric
cylinders, but numerical solutions may be calculated using
Eqs. (17). Because of the leading-edge singularity, it is
necessary to assume that two-dimensional conditions exist in
this vicinity, and the analytic expressions of Klineberg are
used to start the downstream numerical integration at a
point close to the leading edge. It has been ascertained that
the results are insensitive to the distance of this point from
the leading edge, provided that it is small compared with the
body radius. The interpolation procedure outlined in Sec.
IILE may be used to suppress divergent solutions.

The results of such a calculation, with Mm = 2.21 and
Rrc = 2 X 105, are compared with the two-dimensional solu-
tion in Fig. 5. The difference is small. Also included are
measurements from Ref. 14 for values of Rrc about 2 X 105,
but the scatter is too great to allow conclusions to be drawn
concerning the possible improvement resulting from the in-
clusion of axisymmetric effects in the calculation.

For convenience, the flare-induced interaction calculations
presented here were therefore carried out using the two-di-
mensional analytic solutions for the self-induced interaction
as initial conditions. The resulting inaccuracies are certainly
small, because the self-induced pressures are not large. This
was verified by means of a test calculation for the case to be
presented in Fig. 7c, using axisymmetric initial values calcu-
lated as described previously. The results differed only in-
significantly from those of a calculation using two-dimensional
initial conditions. At higher Mach numbers, when self-in-
duced pressures are more important, the effect of axisymmetry

1.00

Measurements14. Rr<!*2x105

Two-dimensional theory15

— — Axi-symmetric calculation, started using two-
dimensional conditions at point marked o,
Rrc «2x105.

M.-2.21

T1=Type1 Solution
T2=Typ«2 Solution

1.0

0.5 -

0 50 100 150 200 250S.mm

Fig. 6 Behavior of solutions and tests for divergence.

0 2 4 _4 6 8 10

Fig. 5 Weak self-induced interaction on hollow cylinders.

upon the external flow is reduced, and the two-dimensional
relations should still provide suitable initial values.

The main interaction is generated by using initial condi-
tions generated by applying a small perturbation € at a point
s0 to the analytic self-induced interaction expansions for
Me) <$;*, and a in a consistent manner.22'15 In accordance with
the assumption that the flow upstream of SQ is two-dimen-
sional, the value of the pressure gradient (dp/ds)a2 in Eq. (21)
is taken to be zero at s0, and the Prandtl-Meyer relation is
used to determine <j> at this point.

The values of e and s0 are iterated in order to satisfy the
downstream boundary conditions described in Sec. III.D.
However, the same solutions can be obtained by using dif-
ferent combinations of e and So,22 and so in practice it is not
necessary to iterate both quantities.

C. Conditions at the Corner

From physical considerations, the inclination $ of the dis-
placement surface to the body axis must be continuous.
Since a changes discontinuously at the corner from zero to the
flare angle <5, and 9 = <£ — a, we have that 6 changes at the
corner by (—6). The derivatives with respect to s of Me,
di*, and a are then discontinuous at the corner, since they de-
pend on 0.

D. Downstream Boundary Conditions

Of the infinity of solutions which may be generated by
varying e and s0, the required one is that which tends smoothly
to self-preserving cone flow at downstream infinity. Adja-
cent solutions follow the required solution for some distance
but then rapidly diverge toward a new compression (type 1)
or an expansion (type 2). Values of c and SQ which are too
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L = 60 mm, Ru = 1.47 X 106 m"1, 5 = 7.5

L = 80 mm, Ru = 2.65 X 106 m"1, 6 = 7.5b)

in this region. (This test could be replaced by da/ds > 0
downstream of the maximum in a.)

The properties of the required solution obtained through
the use of these tests are that dMe/ds and da/ds tend to zero
far downstream, whereas Me and a tend to the cone and
Blasius values, respectively. Note that the overshoot in a
results from the expansion following the pressure peak.

E. Interpolation Procedure

The precision to which e and s0 need be iterated may be
considerably reduced by using an interpolation procedure as
described in Refs. 15 and 23. After iterating to obtain two
solutions of opposite type which do not begin to diverge ap-
preciably until after reattachment, an average of all relevant
quantities is made between the two solutions, at a point
where the pressures first differ by more than a specified
amount. These averages are used as initial conditions for a
continuation of the solution. When this solution itself di-
verges, another interpolation is made between this and the
previous solution of opposite type. This may be repeated to
continue the solution as far as required.

F. Computation Details

The calculations described in the following section were
carried out using an IBM 1130 computer, using fourth-order
Runge-Kutta integration. The computer program was
based on a FORTRAN program for the two-dimensional
method of Klineberg, described and listed by Riethmuller
and Ginoux.23

c) L = 60 mm, Ru = 1.47 X 106 m"1, d = 10.0°

Fig. 7 Comparison between present theory and measure-
ments on the 100-mm-radius VKI model at Mm = 2.21.

small produce type 1 solutions, and vice versa. After the
corner, the following tests are used to determine the type of
divergence (see Fig. 6):

Region 1: from corner to reattachment point: da/ds > 0
indicates type 1; dG/ds < 0 indicates type 2.

Region 2: from reattachment to pressure peak: da/ds < 0
indicates type 1; dQ/ds < 0 indicates type 2.

Region 3: from pressure peak to neck (minimum in 5,-*):
dMe/ds < 0 indicates type 1; dQ/ds < 0 indicates type 2.

Region 4: downstream of neck: dMe/ds < 0 indicates
type 1; ddi*/ds indicates type 2.

The test on dQ/ds is, by Eq. (14), equivalent to a test on
d28*/ds*', a change of its sign thus indicates an inflexion in the
displacement surface such that it turns toward the body sur-
face, which evidently indicates an expansion. The tests on
dMe/ds and da/ds are self-explantory. The type 2 test is
changed to a test on dd*/ds in region 4 because the existence
of an inflexion point in 6* in the correct solution does not per-
mit the test on dQ/ds; it is equally indicative of an expansion

IV. Comparisons Between Theory
and Experiment

A. VKI 100-mm-Radius Model Tests

Figures 7a-7c show a series of comparisons between the
present theory and some careful measurements carried out by
Leblanc and Ginoux14 at the VKI at Mm = 2.21. In addition
to being accurately aligned with the undisturbed flow, the
hollow cylinder-flare model was slowly rotated about its axis,
in order to average out residual errors from misalignment of
the model and nonuniformity of the freestream. The pres-
sures are presented in the form (pe — peo)/pm used in Ref. 14.

The agreement between theory and experiment is excel-
lent for the 7.5° flare at the lower value of EL (Fig. 7a) and
somewhat less good at the higher (Fig. 7b), whereas, for the
10° flare (Fig. 7c), a more marked disagreement occurs in the
free-interaction region upstream of the corner. Since the ex-
tent of separated flow increases with increase of both RL and
flare angle, it appears that the theory becomes increasingly
inaccurate as the length (or, probably more importantly, the
maximum depth) of the separated region is increased. This
may well be attributable to inadequacies in the basic Lees-
Reeves-Klineberg method, rather than in the present ex-
tension to axisymmetric flow, since a similar divergence be-
tween theory and experiment occurs in planar flow. As
mentioned in Sec. IlLB, inaccuracies due to the use of two-
dimensional initial conditions are insignificant.

In all three cases, the predicted pressure distributions on
the flare are in good agreement with the measurements.

B. VKI 45-mm-Radius Model Tests

The second group of comparisons (Figs. 8a and 8b) is with
some earlier VKI measurements13 on a model similar to that
discussed previously but of smaller radius. These tests were
carried out before the need for extremely accurate alignment
of the model was fully appreciated and are therefore not so
reliable as the measurements on the larger model. The com-
parisons are, however, of interest because the axisymmetric
effects, characterized by the radius-to-length ratio rc/L, are
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significantly greater than those on the larger model. The
conventional presentation of pressures in the form pe/pe<> is
used here, because pm was not measured accurately.

Figure 8a shows a comparison for a 10° flare. The improve-
ment in the theoretical prediction resulting from the inclusion
of convergence effects in the external flow may be seen by com-
parison with Fig. 3. However, a discrepancy still exists be-
tween theory and measurement in the free-interaction region,
similar to that observed for the larger-radius model with the
10° flare. Also, the theoretical pressure maximum is rather
lower than that measured.

For a flare angle of 7.5° (Fig. 8b), the agreement between
theory and experiment is excellent ahead of the separation
point, but the predicted pressures are thereafter somewhat
lower than those measured. More accurate experiments
with models having small values of rc/L are required to deter-
mine whether these discrepancies are due to experimental
error or to inaccuracies in the theory. The possibility that
transverse curvature effects, neglected in the theory by virtue
of the assumption that 5/rw is small, might be appreciable for
this model is examined in Ref. 18, but it is shown that such
effects are very small.

A calculation using Crocco-Lees coupling, Eq. (15), is also
shown in Fig. 8b, for comparison with the calculation using
displacement surface coupling, used in the remainder of the
calculations. The difference is small, and, since the effect of
the additional term in the coupling equation is near its maxi-
mum at this Mach number and reduces rapidly with increas-
ing Mach number, it may be concluded that the differences
arising from the use of the alternative coupling equations are
not important.

C. JPL 127-mm-Radius Model Tests

The final comparison, shown in Fig. 9, is with measure-
ments on a hollow cylinder-flare model, carried out by Lewis
et al.24 at Mm = 4.0 at the Jet Propulsion Laboratory. The
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Fig. 8 Comparisons between present theory and mea-
surements on the 45-mm-radius VKI model at MOO = 2.25.
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Fig. 9 Comparison between theory and measurements on
the 127-mm-radius model of Lewis et al. at M^ — 4.0.

pressures are presented in the form Pe/p™, because a serious
discrepancy can arise in the pe/peo representation, at Mach
numbers high enough for the self-induced pressures to be ap-
preciable before the start of the main interaction, if the theo-
retical and measured values of s0 are not the same, as in this
case.

The agreement between the axisymmetric theory and the
measurements is very satisfactory on the flare. However, a
discrepancy exists between theory and experiment in the free-
interaction region, similar to that observed previously for the
cases with 10° flare angles.

Also shown in Fig. 9 is a curve computed using the planar
method of Klineberg. The difference between the axisym-
metric and planar calculations is not so pronounced as at
Mo, = 2.2 but is still important.

The measurements in the self-induced interaction region
are in good agreement with the planar weak-interaction solu-
tion of Klineberg,15 also shown in Fig. 9.

V. Discussion
The foregoing comparisons indicate that the present inver-

sion of the Syvertson-Dennis method is a reliable approxi-
mate means of determining the external flow in axisymmetric
interactive calculations in the Mach number range from 2.2 to
4. It is shown in Ref. 18 that the method retains its accuracy
at supersonic Mach numbers as low as 1.3, whereas the upper
range of validity is governed by the condition17 that (Mm

2 —
l)1/2-tand should not be greater than about 2.5. For a 10°
flare, this corresponds to an upper limit of Mm ~ 12.

As in the planar case, certain basic assumptions of the
present interaction theory become suspect at high Mach num-
bers. For example, pressure variations normal to the surface
and entropy changes in the external stream, neglected in the
theory, become appreciable. Furthermore, the adiabatic
case is only of rather academic interest at high Mach num-
bers, because of the high temperatures involved.

It is hoped that the difference between theory and experi-
ment in the free-interaction region, observed in the preceding
section for cases with large separated regions, may be largely
eliminated by improvements in the Lees-Reeves-Klineberg
separated boundary-layer theory used as a basis for the pres-
ent method. Such improvements are at present being investi-
gated at VKI by M. L. Riethmuller.

Finally, we may observe that convergence effects in the
external stream decrease in importance with increase of Mach
number, so that the generalized shock-expansion method of
Eggers and Savin25 should yield acceptable results at high
Mach numbers, since it amounts to the Syvertson-Dennis
method without allowance for convergence.
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VI. Conclusions

1) Boundary-layer convergence effects alone are insuf-
ficient to account for the large observed differences, in up-
stream influence and over-all pressure level, between super-
sonic laminar boundary-layer/shock-wave interactions on
equivalent planar and axisymmetric configurations. Con-
vergence effects in the external inviscid flow are important,
except at very high Mach numbers.

2) The use of two-dimensional external flow relations in
axisymmetric interaction calculations is therefore generally
inadequate.

3) A method for calculating interactions on hollow cylinder-
flare bodies at zero incidence, which uses the Lees-Reeves-
Klineberg6-9 boundary-layer method in axisymmetric form,
in conjunction with an inversion of the second-order shock-
expansion inviscid flow method of Syvertson and Dennis,17

has been shown to yield results in excellent agreement with
experiment when the extent of separated flow is not too large.

4) Differences between theory and experiment in the free-
interaction region occur when the separated region is large,
which may be attributed to inaccuracies in the basic Lees-
Reeves-Klineberg method.
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